Abstract: Orientational structures formed in nematic and cholesteric layers with tangential-conical boundary conditions have been investigated. LC cells with one substrate specifying the conical surface anchoring and another substrate specifying the tangential one have been considered. The director configurations and topological defects have been identified analyzing the texture patterns obtained by polarizing microscope in comparison with the structures and optical textures calculated by free energy minimization procedure of director field and finite-difference time-domain method, respectively. The domains, periodic structures and two-dimensional defects proper to the LC cells with tangential-conical anchoring have been studied depending on the layer thickness and cholesteric pitch.
Introduction
Cholesteric liquid crystals (CLCs) are characterized by the helicoidal structure of director n (the unit vector indicating the preferred orientation of the long axes of liquid crystal (LC) molecules). These media have unique structural and optical properties [1] . CLCs can be used in various applications such as electro-optical devices with memory effect [2, 3] , quantum generation of light [4, 5] , switchable diffraction gratings [6] [7] [8] [9] [10] , optical rotators [11] , the formation of colloidal systems with a periodic distribution of particles [12] , etc. The applications require various stable and metastable orientational structures depending on the boundary conditions, LC material parameters, ratio between LC layer thickness d and cholesteric pitch p, external factors [1, [13] [14] [15] [16] . For example, the homeotropic director orientation is formed in the cells at normal CLC anchoring with substrates and confinement ratio d/p < K 33 /2K 22 , where K 22 , K 33 are the twist and bend elastic constants, respectively [17] [18] [19] . The electric field applied to such cells causes the formation of bubble or elongated domains if the cholesteric pitch is slightly larger than the thickness of the LC layer [20, 21] . Besides, the topological soliton-like structures can be obtained using laser radiation [22, 23] , the thermal quenching process [24] or the specific treatment of the orienting surface [25] . At tangential anchoring (non-degenerate planar anchoring) of CLC with the substrates, the Grandjean planar texture or domain structures are formed [3, 13, 26, 27] . The structure with a periodic director modulation can be obtained in the LC cells with certain confinement ratios d/p by application of electric field [7, 28] . The structure of modulated hybrid-aligned cholesteric is formed under hybrid surface anchoring (one substrate specifies the tangential boundary conditions and another substrate specifies the normal ones) in the cell with confinement ratio d/p > 1 and can be controlled by light [9] , temperature [10] or electric field [29] .
In the case of conical surface anchoring the director is tilted to the substrate and the azimuthal direction is degenerated (Figure 1 ). The structures of cholesteric with conical boundary conditions have not been well studied yet. Smooth transformations of cholesteric orientational structures induced by the modification of normal surface anchoring to tangential one through the formation of tilted or conical boundary conditions have been observed in [30, 31] . A modulated structure of cholesteric under tangential surface anchoring at one of the substrates and weak conical boundary conditions formed at the interface of CLC and its isotropic phase at the opposite side have been investigated in [32] . It has been shown that the period of director modulation is equal to the cholesteric pitch and the orientation of periodic structure depends linearly on the confinement ratio d/p. At that, the critical d/p value for formation of the modulated structure depends on the ratio of elastic constants and it was less than in the case of normal or hybrid surface anchoring for some CLC materials.
In present work, the nematic and cholesteric structures formed in the LC cells with tangential-conical boundary conditions have been investigated. 
Materials and Methods

Experimental
The experiment was carried out with sandwich-like cells consisting of two glass substrates coated with polymer films and the LC layer between them. Bottom substrate was covered by the polyvinyl alcohol (PVA) (Sigma Aldrich, St. Louis, MO, USA) and the top one was covered by the poly(isobutyl methacrylate) (PiBMA) (Sigma Aldrich, St. Louis, MO, USA). The polymer films were deposited on the substrates by spin coating. The PVA film was unidirectionally rubbed while the PiBMA film was not treated after the deposition process. The LC layer thickness d assigned by the glass microspheres was measured by means of the interference method with spectrometer HR4000 (Ocean Optics, Largo, FL, USA) before the filling process. The nematic mixture LN-396 (Belarusian State Technological University, Minsk, Belarus) and LN-396 doped with the left-handed chiral additive cholesterylacetate (Sigma Aldrich, St. Louis, MO, USA) were used as a nematic and cholesteric, respectively. For the nematic mixture LN-396 the PiBMA film specifies the conical boundary conditions with the tilt angle 50 • [33] [34] [35] and azimuthal degeneration. The polar anchoring strength of LN-396 on the PiBMA film is W 0 ∼ 10 −6 J/m 2 [33] . The cells were filled by the LC in the mesophase at room temperature. After the filling process, the cells were kept for at least 24 h before measurements. The helical twisting power HTP = 6.9 µm −1 of cholesterylacetate in the LN-396 was determined using the Grandjean-Cano method. The cholesteric pitch p of used mixtures was calculated from p = 1/(HTP × c w ), where c w is the weight concentration of the chiral additive. The LC cells with the confinement ratios d/p equal to 0.14, 0.28, 0.43, 0.60, 0.78 and 0.88 were investigated by means of the polarizing optical microscope (POM) Axio Imager.A1m (Carl Zeiss, Oberkochen, Germany). The experiments were carried out using white light or quasi-monochromatic light with wavelength λ = 602 nm produced by the interference filter.
Computer Simulations
The nematic orientational structure within the layer was calculated by means of the free energy minimization [36] . The method is widely used for the LC systems without singularities of the director field. The Frank elastic energy density F k was expressed as:
here n is the director, k 11 , k 22 and k 33 are the splay, twist and bend elasticity coefficients, respectively. The main part of LN-396 is the alkyl-cyanobiphenyl and alkyloxy-cyanobiphenyls [33] . Therefore, it can be supposed that the elastic constants of LN-396 and E7 have close values. In the simulations we have taken k 11 = 11.1 pN, k 22 = 7.6 pN, k 33 = 17.1 pN [37, 38] . This function was converted into a discrete array of numbers, corresponding to thin, semihomogeneous sublayers. Each layer elastic energy was minimized in gradient direction. The five gradient components can be interpreted as elastic torques to rotate director and find θ, φ pair. In this study, we used 100 sublayers for a fairly accurate solution. Numerical convergence of this function was controlled by artificial viscosity. The domain wall orientational structure was analytically interpolated between the neighbouring domain structures. The asymptotic lateral boundary conditions were used. The values of θ(x) were reversed approaching the domain bulk value with multiplication by The optical properties of LC structures were calculated by Finite-Difference Time-Domain (FDTD) method in commercial Lumerical package. LC structure was illuminated from below by the plane wave with normal incidence along the z-axis and polarization perpendicular to the rubbing direction. The plane wave source was located at the bottom boundary of the LC layer. Periodic boundary conditions were applied at the lateral boundaries of the simulation box (along the x and y axes), while the perfectly matched layers (PML) were used on the remaining top and bottom sides. The components of the electric field were calculated at the top boundary of the LC layer. POM images were obtained for the wavelength of incident light λ = 602 nm.
Results and Discussion
Nematic Layer
PVA film orients the nematic LN-396 tangentially while PiBMA film specifies the conical boundary conditions with the tilt angle of director θ d = 50 • [33] [34] [35] and azimuthal degeneration. The azimuthal degeneration is eliminated by presence of rubbed PVA film on the bottom substrate specifying the director orientation with azimuthal angle ϕ 0 = 0 • . As a result, the orientational structure with zero azimuthal angle of the director is formed in the cells including the LC-PiBMA interface (Figure 2 ). At that, two types of domains differing by the tilt angles +θ d and −θ d on the PiBMA film are observed. The similar situation was observed in the LC cell with tangential-conical boundary conditions in the case of conical surface anchoring at the interface of LC-isotropic phase [39] . Domains are separated from each other by defect walls which are clearly observed on the optical textures using polarized light (without the crossed analyzer) when the polarization of incident light coincides with rubbing direction of PVA film. In the case of orthogonal orientation of polarizer and rubbing direction of PVA film these defect walls are almost invisible (see Supplementary Materials Figure S1 ). When the LC cell is placed between crossed polarizers the segments of wall with orientation differing from rubbing direction are clearly observed (Figure 2a The azimuthal angle of director rotation ϕ d on the top substrate covered with PiBMA film can be measured by means of the analyzer rotation (Figure 3) . If the polarization of incident light is parallel or orthogonal to the director on the entrance substrate covered with PVA and Mauguin condition [41] is valid then the polarization of light passed through the LC cell remains linear but rotated relative to the incident light polarization. The angle of polarization rotation is equal to the azimuthal angle of director rotation. In the case of the orthogonal orientation of the light polarization and the director on the entrance substrate the light passed through the LC cell is polarized perpendicularly to the director projection on the plane of the output substrate. Consequently, the darkest areas of optical texture correspond to the parallel orientation of analyzer and director projection on the plane of output substrate covered with PiBMA film. Thus, the topology of the director projection over the area of the substrate covered with PiBMA can be determined.
The optical textures of nematic layer for different β (angle between analyzer and rubbing direction of PVA film) and the director orientation on the PiBMA film near the domain wall are presented in Figure 3 . The analysis by the above-mentioned technique revealed that there is the smooth azimuthal rotation of director from ϕ d = 0 (far away from the wall) to the value ϕ d in the center of the wall where the director is parallel to its plane. The rotation occurs over a distance of approximately the LC layer thickness. The domain wall contains the reversing points [42] , dividing the segments of the wall with different director orientation relative to rubbing direction. The direction of azimuthal rotation (the ϕ sign) is defined by the condition that the absolute value of azimuthal angle of rotation on the substrate covered with PiBMA does not exceed π/2 value.
The cross-section of the domain wall is shown in Figure 4a . The angle between the wall plane and rubbing direction is 60 • . The orientational structure was calculated by the minimization of elastic energy and analytical interpolation of director between two neighboring domains. The POM photos of domain wall segment for the different β angles have been obtained by the FDTD method (Figure 4b ) based on the calculated orientational structure . When the analyzer is parallel to the rubbing direction (β = 0 • ) the darkest area is observed far away from the wall. At the same time, the center of domain wall is bright. The variation of β angle leads to the appearance of a couple of dark areas (extinction bands) merging at the center line of the wall at β = −60 • corresponded to the parallel orientation of the analyzer and the wall. The director orientation near the domain wall on the substrate with conical boundary conditions (z = d) is shown in Figure 4c . The dependence of the azimuthal angle of director rotation ϕ d on the distance h from the center of the domain wall has been obtained (Figure 4d , solid line). Besides, the experimentally measured dependence ϕ d (h) using the analyzer rotation method are also shown in Figure 4d . The calculated function ϕ d (h) is in a good agreement with the experimental data. 
Twisted Cholesteric Structure
In the nematic LC cells, the defect walls separating the areas with the opposite values of the tilt angle θ d on the PiBMA film were observed (Figures 2a and 3 ). At that, the different segments of the wall had the opposite sign of the azimuthal director rotation and these segments were separated from each other by the reversing points. In the cholesteric LC cells, the right-handed segments of the walls are less stable that increases the monodomain sizes. POM photos of samples with the LC layer thickness d = 6.5 µm and confinement ratios d/p = 0.14, 0.28 are shown in Figure 5a ,b. One can see that the monodomains corresponding to the opposite values of tilt angle θ d in the cell with confinement ratio d/p = 0.14 have a larger size (Figure 5a ) than in the nematic LC cells (Figure 2a) . The monodomain structure is formed in the cell with confinement ratio d/p = 0.28 (Figure 5b ).
In the general case, the Mauguin condition is not valid for the homogeneously twisted structure of LC. However, the layer thickness of LC and wavelength of incident light can be chosen so that the Gooch-Terry minimum condition is valid [43] . In this case, the polarization of light passed through the LC cell remains linear but rotated relative to the initial state if the linear polarization of incident light is parallel or orthogonal to the director on the entrance substrate. The angle of polarization rotation is equal to the azimuthal angle of director rotation. The Gooch-Terry minimum condition is independent of the rotation angle of director [41] . The twisted structure with azimuthal angle of director rotation depending on the confinement ratio d/p is formed in the cholesteric cell with tangential-conical boundary conditions (Figure 5e ). The tilt and azimuthal angles of the director in the cholesteric bulk were calculated by the minimization of elastic energy for three d/p (d = 6.5 µm) values (Figure 5e ). The ellipticity angle ε for polarized light with wavelength λ = 602 nm was determined based on these data (Figure 5f ). One can see that Gooch-Terry minimum condition is nearly independent of the confinement ratio d/p as in the case of the homogeneously twisted LC structure. For the LC layer thickness d = 6.5 µm, the wavelength of incident light λ = 602 nm nearly corresponds to the Gooch-Terry minimum condition and the ε value do not exceed 5 • after passing the linearly polarized light through the cells with d/p = 0.14, 0.28 and 0.44. Thus, the method of analyzer rotation can be used for experimental measuring the azimuthal angle ϕ d of the director on the top substrate covered with PiBMA.
The darkest state of domains for the LC cell with d/p = 0.14 is observed at β = 37 • when the interference filter (λ = 602 nm) is used (Figure 5c (Table 1) . A couple of extinction bands near one of the loop lines can be observed (Figure 6b ) by the analyzer rotation. As in the case of nematic described above the couple of extinction bands are gathered to the defect under the analyzer rotation. These lines are merged when the analyzer is almost parallel to the considered segment of the loop. Under further analyzer rotation the similar couple of extinction lines appears near the opposite segment of the loop and the distance between these lines depends on the β angle (Figure 6b ). Such orientation of extinction lines indicates that the director is oriented parallel to the line of loop defect on the top substrate and π azimuthal rotation angle of director occurs between two opposite segments of the loop. Thus, the values of azimuthal angles ϕ d at the opposite segments of the loop differ by π and the tilt angle θ d is zero at the defect line. For example, the angle between the loop line and rubbing direction is approximately 30 • (Figure 6a) . Consequently, the rotation angle ϕ d is about 210 • at the first loop segment and 30 • at the opposite one.
The orientation with different angle of director rotation was simulated by the FDTD method ( Figure 7 ). The calculation was performed based on the spatial distribution of director in the cholesteric layer determined by the elastic energy minimization as in case of nematic. The section of defect loop by the plane perpendicular to the defect lines and oriented at 30 • to the rubbing direction is shown in Figure 7a . POM images of cholesteric layer with d/p = 0.44 for different β angles between analyzer and rubbing direction were calculated (Figure 7b ). It was revealed that the darkest state of optical texture corresponds to the β = −40 • far away from the defect. At the same time, the brightest optical texture is observed at β = 50 • . The defect line corresponding to the smaller twist angle becomes dark when the analyzer is parallel to this line, i.e., it is parallel to the director on the top substrate. At that, the second defect line becomes dark when the angle between analyzer and wall is approximately 10 • . It is explained by the fact that the effective refractive index near the walls has the larger value than that one far away from them. In this case the wavelength of incident light λ = 602 nm does not satisfy the Gooch-Terry minimum condition at large azimuthal twist of the director. As a consequence, the defect line with a large twist angle has the darkest state when the analyzer is not parallel to the director on the top substrate but this line is appreciably brighter than other sample areas at the minimum intensity condition of transmitted light. Spatial distribution of director on the substrate with conical boundary conditions is shown in Figure 7c . The dependence of the azimuthal angle of director rotation ϕ d on the distance h from the center of the left domain line in Figure 7c has been obtained (Figure 7d, solid line) . Besides, the experimentally measured dependence ϕ d (h) using the analyzer rotation method are also shown in Figure 7d . The calculated function ϕ d (h) is in a good agreement with the experimental data. Figure S2 ). Similar periodic structure is observed through the whole cell area with d/p = 0.60 and in the samples with larger values of confinement ratio (Figure 8b-d) . The period of observed structure is about 2p. The periodic structure was formed at similar values of confinement ratios d/p in the LC cells with tangential-weak conical boundary conditions [32] , but in that work the period was close to the cholesteric pitch. The disturbance of periodicity of two types can be observed in the samples (Figure 8e ). In the first case, the additional couple of defect lines appears leading to the local increasing of period near the region of line bending. In this area one defect line with larger azimuthal twist angle is smoothly transformed into the defect line with a smaller ϕ d angle. In the second case, some defect lines are formed and their orientation differs from the majority of defect lines. For example, some defect lines are oriented vertically in Figure 8c It should be noted that the formation of defects and their periodic structure depends not only on the confinement ratio d/p but also on the value of cholesteric pitch (the thickness of LC layer). For example, the periodic structure is formed in the LC cell with d/p = 0.60 at d = 6.5 µm (p = 10.5 µm). But the twisted structure similar to the structure observed in LC cell with d = 6.5 µm and d/p = 0.44 ( Figures 6 and 8a) is formed in the sample with LC layer thickness d = 13 µm (p = 21 µm). The twisted structure with 185 • azimuthal angle of director rotation containing a small number of defects is formed in the LC cell at d = 21 µm (p = 37 µm). The observed dependence of director configuration on the value of cholesteric pitch (the thickness of LC layer) in LC cells with the same ratio d/p is probably caused by the conical boundary condition on the top substrate. In the system under study the polar anchoring strength of LN-396 on PiBMA is not strong and the tilt angle on this substrate is changed near the defect loop.
Conclusions
The orientational structures of nematic and cholesteric LC with the tangential-conical boundary conditions were investigated. The cells with various LC layer thickness d and confinement ratio d/p have been considered. The domain structure was formed in the nematic LC cells containing the areas of positive and negative tilt angle of director at the substrate with conical boundary conditions. The domains were divided by the walls where the tilt angle of director was 0 • at both substrates. The monodomain twisted structure without defects was formed in the cholesteric LC cell with d = 6.5 µm and d/p = 0.28. At that, the azimuthal angle of director rotation was ϕ d = 75 • at the substrate with conical boundary conditions. Increase of the confinement ratio d/p up to 0.44 led to the appearance of elongated loop defects. These topological defects were characterized by the difference of azimuthal angle of director rotation by ± π at the opposite segments of loop and 0 • tilt angle of director at the defect. The periodic structure with a period close to the double cholesteric pitch was formed at d/p ≥ 0.60. The threshold value of d/p to form the periodic structure was relatively small. At the same time, this confinement ratio depended on the LC layer thickness (cholesteric pitch) in contrast to normal boundary conditions [17] [18] [19] . It was probably caused by the features of asymmetric boundary conditions in the cell.
It was demonstrated that the azimuthal angle ϕ d of director at the substrate covered with PiBMA depends on the cholesteric pitch p. Consequently, the ϕ d can be tuned using the different external factors (electric field, temperature, light radiation, etc.) changing p and it is interesting to future research. Besides, the described periodic structures formed in the cholesteric LC cells (Figure 8 ) have satisfactory quality and can be proposed for the various applications as diffraction gratings. One of the advantages of the CLC diffraction gratings is their tunability. Thus, it is important to investigate the diffraction patterns and their transformations upon application of the external factors to the LC cell. 
